Pseudo-smooth surfaces. The restriction to surfaces possessing everywhere a tangent plane is unnecessarily strong. For example, we do not wish to exclude all polyhedral surfaces.
In the following G denotes an open set in Euclidean n-space and S denotes the boundary of G. Any straight line / intersects an open set G in a set which is open in the relative topology of /, i.e., IC\G is always a countable collection of disjoint open intervals. If / is a directed line we may speak of the right or left-hand end points of these intervals, which must, of course, belong to S, the boundary of G. If p is a right-hand end-point of l(~\G then the directed line / is called an exit line with respect to p, and a vector v of unit length which determines the direction of I is called an exit vector at p. If all of the exit vectors at p are contained in a closed half-space, i.e., if there exists a vector n of unit length such that for every exit vector v at p we have the inner product (n, v) 2:0, we say that n is a pseudo-normal of 5 at p. This concept is a generalization of the notion of a tangent plane at p. The pseudo-normal at a point need not be unique. Of course, at any point of S where no exit vectors exist, any unit vector n will serve as a pseudo-normal.
If a pseudo-normal exists for every point of S, we say that 5 is pseudo-smooth. If a collection of vectors N contains at least one pseudo-normal for each point of S, we say N is a system of pseudo-normals for S. This concept is illustrated by the following properties which are stated without proof: Property 1. The boundary of any open convex set is pseudosmooth. If p is a point on the boundary, then an outward unit normal to a supporting hyperplane through p will be a pseudo-normal at p. Property 2. Let G be the interior of a convex polyhedral set, and let 5 be the boundary of G. Then the set of outward unit normals to the faces of G constitutes a system of pseudo-normals for S. Property 3. If S, the boundary of an open set G, has a tangent plane everywhere, then 5 is pseudo-smooth. An outward unit normal at a point gives the unique pseudo-normal at that point. The proof of this theorem depends on the following known result (see [2] ) which will be stated as a lemma.
Lemma. ^4wy set of n + l or fewer points of Sn~1 which convexly covers the origin has diameter >dn. We obtain the following generalization of Theorem 2 by observing simply that if N is contained in a half-space which does not contain the origin, then any affine image of Af has the same property. Theorem 2'. Let P be any real symmetric positive definite matrix Let N be any subset [connected subset ] of vectors x in Euclidean n-space such that (x, Px) = 1. Let the greatest lower bound of (x, Py) over all x and y in N be greater than -\/n [greater than -l/(re-1) ]. Then N is contained in a closed half-space which does not contain the origin.
Proof. There exists a nonsingular real matrix 5 such that P = STS. Consider the set N' of vectors u such that u = Sx for some x in N. Then (u, u) = 1 for all u in N', and the greatest lower bound of (u, v) over all u and v in N' is greater than -1/re [greater than -1/(« -1)]. By Theorem 2, N' is contained in a closed half space which does not contain the origin, and hence the same is true for N, which is an affine image of N'.
